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Abstract

In the present paper, we study an upper escape rate of some time inhomogeneous diffusion
process associated with a family of regular and local Dirichlet forms. In particular, by making
full use of Gaussian type’s heat kernel estimates, we establish integral tests for an upper rate
function of the time inhomogeneous diffusion process with a coefficient that is not necessarily
bounded concerning space and time.
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1 Introduction

Let B = (By,[Py) be the d-dimensional Brownian motion starting from the origin and ¢(t) be a
positive increasing function such that lim; ., ¢(t) = co. If p(t) satisfies

lim Pq (| By| > ¢(t) for some ¢t € [s,00)) =0,
S§—00

then o(t) is called an wupper rate function of B, which describles the forefront of the Brownian
particles. It is well known as Kolmogorov’s test that o(t) is an upper rate function of M if and

0 d 2
t t dt
/ o(t) exp _e®7yd (1)
L\ Vi 2 )t
(see [9, §4.12]). In particular, the celebrated Khinchine’s law of the iterated logarithm can be

obtained by applying (1) to the function p(t) = /(2 + €)tloglog¢ with ¢ > 0. Of course, there
is a natural counterpart to an upper rate function, a lower rate function of M, which is out of

only if

interest in the present paper.
There is extensive literature containing the problem that characterizes rate functions of various
symmetric Markov processes. For instance, Grigor’'yan [3], Grigor’yan and Kelbert [5], Grigor’yan
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and Hsu [4] and Hsu and Qin [6] obtained upper rate functions of the Brownian motion on
a Riemannian manifold. Ouyang [13] characterized upper rate functions for symmetric diffusion
processes. These results are further extended to the case of symmetric Markov processes associated
with non-local Dirichlet forms (see [7, 8, 16, 17]).

The results cited so far were considered only for time homogeneous Markov processes. We are
interested in studying the problem of characterizing the upper rate functions for time inhomoge-
neous cases. The aim of this paper is to investigate integral tests for an upper rate function of
some time inhomogeneous diffusion process associated with a family of regular and local Dirichlet
forms.

Let (Zi,P(sy,20)) With Z; = (¢, By) be the space-time Brownian motion and I'y be a space-time
domain given by I'y = {(7,z) : |z| = ¢(7),7 > s}. Denote by or, the first hitting time of T,
relative to Z;. Then

lim Py (| By| > ¢(t) for some t € [s,00)) = lim P g)(or, < 00).
S$—00 S$—00

In this way, the upper rate function is related to the hitting probability of the space-time process.
Since the hitting probability is a potential of the equilibrium measure, it can be estimated by
using the heat kernel and the capacity.

More generally, let Ml = (X, P(5,,)) be a time inhomogeneous diffusion process on R? with

generator
d

0 Ju(t, x)
(t) - R e
cOutt) = 3 5 (a5
and (Z;, P 00)) With Z, = (¢, X;) be its associated space-time process. Let us introduce a family
of strongly local regular Dirichlet forms {(E™, H'(R?)), 7 > 0} given by

d
' au Ov Lrmd

with a symmetric family of locally bounded measurable functions (a;;(7,x))¢,_; on [0,00) x R?.
Here H'(R?) denotes the Sobolev space of order 1. Then the generator of Z; is Lu(r,z) =
Ou/Ot + LMu(7,z) and its associated Dirichlet form on L%([0, 00) x R% v) with dv(r, x) = drdx
is given by

E(u,v) = —(Lu,v), = — (%,U)V + /Ooo ED (u(r, ), v(r, 2))dr (3)

for any smooth functions u and v on (0,00) x R? with compact support. For any 7 > 0 and a
relatively compact open set D C R? we assume that there exist positive constants \(7, D) and
A(7, D) such that A\g < A(7, D) for a constant Ay > 0, and

A D)) 6 < 2_) (re)&&; < AT D) Y& (4)
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for all € = (&,...,&) € R and x € D. We say that a positive increasing function o(t) satisfying
lim;_, (t) = 0o is an upper rate function of M if

lim P(sy 20) (| X — 20| > @(t) for some ¢ € [s,00)) = 0.

S§—00

Note that we are not assuming the uniform boundedness of A(7, D). As noted above, the upper
rate function is related to the hitting probability of the associated space-time diffusion process. To
evaluate the hitting probability, we use a new estimate of the capacity of the space-time process as
well as the Gaussian type estimates. Under some additional assumptions on A\(7, D) and A(7, D),
we shall give two-sided Gaussian type estimates of the time inhomogeneous transition densities
(heat kernels) of M and its part process M? on D. For this, we need to clarify the dependence of
the space-time coefficients appearing in the Gaussian estimates. We shall prove it by modifying
the results due to Lierl [10] and Sturm [18] (Proposition 3.1 and Proposition 3.2). The short
summary of their proofs will be given as an appendix in Section 5.

In Section 3, for this specific time inhomogeneous diffusion processes, by making full use of
these heat kernel estimates as well as a criterion for upper rate function given in Section 4, we
give an integral test for an upper rate function of M (see Theorem 3.4 and Theorem 3.9). Some
examples of the upper rate functions are also given. In the conditions and the results given in
Section 3, instead of the original space-time function A(¢, D), we use the function A(t, D(t)) of ¢
with a domain D(t) of the form D(t) = {z : |z| < f(t)} for a function f(¢). For the correspondence
between the space-time functions A(¢, D) and the function A(t, D(t)) of ¢, see Corollary 3.5 and
Example 3.7. In this section, we also give a condition on ¢(t) satisfying

Pso.z0) (| Xt — 20| > () for some t € [s,00)) =1, for some s > s.

In Section 4, we consider more general case that (F,d) is a locally compact separable metric
space, m an everywhere dense positive Radon measure on £ and {(E), F), 7 > 0} is a family of
strongly local regular Dirichlet forms on L*(E;m) defined by

ED (uy,v) = / i)y (dz), wveF (5)
E b

with the energy measure /LE 7 of uand v satisfying, for a relatively compact open subset D C F,

there exist positive space- tlme coefficients A(, D) and A(7, D) such that
M7, D)) o (dz) < pf7) (dw) < A(r, D)pl)), () (6)

for all w € F with supp[u] C D. In this section, we give a general sufficient condition for ¢(t)
being the upper rate function of M (Theorem 4.2). Integral representation of a hitting probability
and the capacity estimate of the time-dependent Dirichlet form relative to {(E(™, F), 7 > 0} play
a crucial role (Lemma 2.1 and Lemma 4.1).

In the followings, we use the notations K, K», ... repeatedly to represent constants that are
independent of time and space variables. But, even if the same notation K; is used in the different
places, they are not necessarily the same.



2 Preliminary results

In this section, we present necessary results on time dependent Dirichlet forms used in Section 4.
Although we are giving them under general settings, for the concrete case considered in Section
3, it is enough to consider that F = R?, m(dz) = dz, E( and & are those given in (2) and (3),
respectively.

Let (E,d) be a locally compact separable metric space and m be an everywhere dense positive
Radon measure on E. Let {(E(™,F),7 > 0} be a family of regular Dirichlet forms on H :=
L?(E;m) such that

e For any ¢,v € I, E(p,1)) is measurable with respect to 7.

e For any relatively compact open set D C E and 7 > 0, there exist positive constants
A1, D) < A(r, D) satisfying 0 < inf{\(7, D) : 7 < t} < sup{A(7,D) : 7 <t} < 0o and

A7, D)EO (0, 0) < ET(p,0) < A, D)ED (0, ), (7)
for all ¢ € F with support in D.
We introduce the function spaces H, F and F’ given by H := L?([0,00); H), F := L*([0,0); F')
and F' := L*([0,00); F’) respectively, that is

H= {u cu(r,)) € H for all 7 > 0, [Jul3, == / |u(r, )||5dr < oo} :
0

and F, F' are defined similarly by taking F' and F’ instead of H respectively, where we consider
F C H C F' by identifying H with its dual space H'. For u € F', let %(T, -) be the distribution
sense derivative of u(r,-) € F’. Using this, we also define W by W = {u € F: 2 € F'}.

Define the bilinear form & by

0
- a—uv + A(u,v), weW,veF
E(u,v) = o
—u )+ Au,v), ueF,veW,
or’
where (d ,v) is the coupling Ofg—z € F' and v € F, that is, “, fo 87’ 7,+))p d7, and

A(u,v) = /000 ET (u(r,-),v(r,-))dr.

We call (€, F) the time dependent Dirichlet form on H corresponding to a family of Dirichlet forms
{(E™,F),7 > 0}. It is known that there exists the space-time Hunt processs M = (Z,,P,, z € Z)
with Z; = (t, X}) corresponding to (€, F) (cf. [12, Theorem 6.3.10]). Here Z = [0,00) x E. Let
p(s, z;t,dy) be the time inhomogeneous transition function of M given by

p(s,z;t,B) =P n(Xe € B), 0<s<t xck, BecB(E).



Let M = (Z, I?DZ, z € Z) with 7, = (T —t, )?T,t) be the dual process of M. Denote by p(t, y; s, dx)
the dual transition function M. Define

Puvle) = [ pls.aitidnit), Pgls) = [ pltss.do)e(o) (®)

Then, using the generator £ corresponding to E®), they satisfy
SEPb(z) = ~LOP(z), lim P w(z) = y(a) )
o Paoly) = LOPsely), i Praply) = oly). (10)

Further, they are mutually in dual relative to m, that is
[ Puv@ie@mds) = [ Ppwim(ay) (1)
E E

We assume that M and M satisfy the absolute continuity condition, that is, Ml and M admit the
heat kernels p(s, z;t,y) and p(t, y; s, x) satisfying

p(s,x;t,dy) = p(s,x;t,y)m(dy) and p(t,y;s,dx) = p(t,y; s, z)m(dz)

in the strict sense, repectively (cf. [20, Theorem 2]). Thus we see that p(t,y; s, x) = p(s,z;t,y)
by (8) and (11).

For o > 0, let {R,} and {R.} be the a-order resolvent and its dual resolvent of the space-time
process Ml and M given by

R.f(s,x) = // p(s,x;s +t,dy) f(s +t,y)dt
thy // p(t,y;t — s, dz) f(t — s, x)ds

for f € H, respectively. Note that R, f is a quasi-continuous version of the potential G, f satisfying
Ea(Gaf u) = (fu), uweF, (12)

where &, (u,v) = E(u,v) + a(u,v). In particular, put Rf = Rof, Ef = figf and Gf = Gof. For
any a > 0 and f € H, G, f € W and satisfies

(f7 Gaf) = ga(Gaf7 Gaf) = Aa(Gaf7 Gaf)-

In particular, if (f,Gf) < oo, this implies that a(Gof, Gof) < (f,Guof) < (f,Gf) and hence,
a(Gof,Gof) and A(Gof,Gof) are bounded relative to a. This further implies that Gf =
lim,_,0 Gof belongs to F, and A(Gf,Gf) =lim,_0 A(Gof,Guof) = (f,Gf), where

Fe=Au:u(r,") € F, for all 7 > 0, ||ul|z = A(u,u)"/* < 0o}
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with the extended Dirichlet space F, of F' ([12, Chapter 1]). Since lim, o [|aG4f|l2 = 0, by letting
a — 01in (12), we obtain that E(Gf,u) = (f,u) for any f € H with (f,Gf) < oo and u € F such
that % € F.. This can be extended to F, that is, for any f such that (f,Gf) < oo,

E(Gf,u) = (f,u) for any u € W,,

where W, = {u € F.: % e F.}.
For 0 < s < t and a relatively compact open set B C F, let I' = (s,t) x B. It is known that
for any € > 0 there exists a unique function u. € W satistying

1
(g—l:,us) + A(ue,w) = g((u6 —1r)",w), weWw (13)
(cf. [12, Lemma 6.2.3]). Note that u. increases and converges in F. as € | 0, to a function hr
satisfying
0
(a—:l_}, hr) + A(hp, w) > A(hp, hr), for any w € Wwn ﬁlr, (14)

where £;. = {u : w > 1p}. This implies that Ar is the minimal excessive function which dominates
1r a.e. Further, if w € W satisfies w = 0 a.c.on T', then &(u., w) = 2((u. — 1r)~,w) = 0. Hence,
hr is a space-time harmonic function on E \ T in the sense that

E(hr,w) =0 for any w € W with supp[w] C E\T. (15)

According to the absolute continuity condition, hr(o, z) has an everywhere defined excessive mod-
ification. We consider that hr is a such modification. By using the space-time process M, the
excessive function Ar is characterized as

hF(T, m) = P(T@)<O'F < OO),

where or = inf{oc > 0: Z, € T'}. Further, by the general theory of the equilibrium measure, there
exists a unique positive Radon measure up on I such that

he(r,2) = Rpup(r, z) = / / plr,%; 0, y)ur(dody). (16)

The capacity Cap(I') of I" relative to the space-time process is given by Cap(I') = pr(I'). Then it
satisfies

Cap(T) = / / w(o, y)ur (dody) = &(Ryup, w) = E(hpsw) > A(hr, hr) (17)

for any w € W, such that w =1 on I

For 0 < p < ¢ < oo and a fixed 29 € E, let Bl := {v € E : p < d(v) < ¢}, where
d(z) := d(w, 1) is the distance between x and 2. For 0 < s <, let I := T'y% = (s,1) x BZ. For
the hitting probability hr € F, there exists the equilibrium measure ur satisfying

E(hr,w) = //Zw(a, y)pur(dody) for all w € W. (18)
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We say that (£, F) has the strong local property if (E(7), ') possesses the strong local property
for any 7 > 0. It is easy to see by (15) that ur is supported by

or' = ({s} x B,) U ([s,t] x 0BL) U ({t} x B}) (19)

= 1{T}X§g - ur for T = s, t.

under the strong locality of (£, F) (cf. [12, Lemma 6.3.9]). Set p, :
= (s,t) x B, it holds

Lemma 2.1. Suppose that (€, F) has the strong local property. Then, for T’
that s = 0 and p(dodr) = 0y (do)1gz(x)m(dr). In particular, for any (7,x) € Z

hr(T,z) = // p(T,x;a,y)up(dady)—l-/p(T,x;t,y)m(dy).
(sVT,t)x OB} B}

For any 0 > 0, define

(20)

Proof. For simplicity, write B = B} .

51(0):{

&1(0)p(y) for a positive continuous function ¢ on E with support contained in B

(c—s+9)y o0<s
(s+6—0)y o>s.

[SASAE

Let wy(o,y) =
Then, by (18),

// wy (o, y)pr(dody) = /s+ /51 y)pur(dody) =
GO 0o+ [ 60 B n(,),0)do
= (D)5 + (D) 1)

g(hr, wl)

Since
s+0

(I1)s < /j | B (hr(0),-), )| do < A(hr, hr)' </5

(IT)s — 0 as § — 0. On the other hand, since hr(o,z) = [, p(o,z;s,dy)hr(s,y) and hr(s,y) = 1

1/2
Ao, B)E (¢, ¢) da) < 0,

aeycBfors—6<o<s

(15.6) 2 ((0:,0) = [ plovss.pm(an, o) = (Proor 1)

B

and lim, 4, ﬁ&g(é = ¢, we see lim,y5(hr(o,-),¢) = (15, ¢). By using this fact, we have

lim (1) = limé (/S;(hp(a, 3, ¢)do — /:MQB, 4) da) ~0.

6—0 6—0



Therefore, by (21)

//cb Y)us(dody) = // oY) yxp(0y)pr(dody)

546
<tin [ [ &)t nr(dody) = D)5+ (115 =0,
-

6—0
hence we have g, = 0. Similarly, replacing & (o) and w;(o,y) by

[ Ho—t+0)y o<t
52(0)‘{ §<t+a—a>i o>t

and ws(o,y) = &(0)p(y) respectively, and noting that hr(o,y) = 1 for (0,y) € (t —6,t) x B with
0<d<(t—s)/2and hr(o,y) =0 for 0 > t, we have

//cb y)u(dody) = //fb Y)1yy«s(o,y)ur(dody)

t+6
= lim /52 y)ur(dody) = E(hr, ws)

6—0

:g%( //<b o+ [ &o) B (o, ).0)do)
- / 6(y) 0y (do) 15 (y)m(dy).

The last assertion is a consequence of (16) with (19) and the first two assertions of the present
lemma. Indeed,

he(T, ) = / /F p(7, z; 0, y) ur(dody) = / /a Fp(ﬂfv; o, y)pur(dody)
- / /F p(1,2;0,y) s (dody) + / /(sw,t)xaBp(T,a:;a, y)ur(dody)
-+ / /F p(7, z;0,y) e (dody)

:// p(T,x;a,y)ur(dUdy)Jr/p(T,m;t,y)m(dy)-
(svT,t)xB B
O

For ¢ > 0, set B({) :={z € E | d(x) < (} and Ty :=T%(¢) = (s,t) x OB({). The following is
an immediate result from the last assertion of Lemma 1 by applying I'; to T'.

Lemma 2.2. Assume that m(0B(¢)) =0 for all ¢ > 0. Then

hr,(T,z) < sup p(7,z;0,y) Cap(L) (22)
(O-vy)erl

for any (1,2) € Z.



3 Case of diffusion processes on R?

In this section, we consider a specific time inhomogeneous diffusion processes stated in the Intro-
duction. Throughout this section, let E = R% and m be the Lebesgue measure on R?, m(dz) = du.
Let {(E™, H'(R%)),7 > 0} be a family of strongly local regular Dirichlet forms given by (2), that
is, whose energy measure ,ug ) ) is given by

r
u,v

d
Hi(de) = 3 ay(na)ge ode, woe H'RY) (23)

with a symmetric family of locally bounded measurable functions (a;;(7, z))¢;_; on [0,00) x R?.
For any 7 > 0 and a relatively compact open set D C R? we assume that there exist positive
constants A(7, D) and A(7, D) such that Ay < A(7, D) for a constant Ay > 0 and satisfying (4).
For 0 < s < t, let
A(s,t,D) = inf \(r,D), A(s,t,D)= sup A(r,D).
T€[s,] T€[s,t]

Note that A(s,t, D) and A(s,t, D) are decreasing and increasing relative to ¢ for each fixed s > 0
and D, respectively. In the sequel, let Ml = (Z;,P,,) be the associated space-time diffusion process
of the time dependent Dirichlet form corresponding to {(E(™, H'(R?)),7 > 0} and denote by
MP = (Z,,P2) the part process of M = (Z;,P,,) on [0,00) x D with a starting point z, =
(80, %0) € [0,00) x D.

For fixed R > 0 and b > 0, let p = (2R 4+ b)/3. Put D = B(xy,3p) := B(3p). Define a new

d

symmetric family of locally bounded functions (a@;;(7, z)){ ;= by @;;(7, ) = ay(7,7), where

3
T = (—p/\l) z, zeR (24)

Clearly, a;;(7,2) = a;j(7,z) on D. Let denote by B (u,v) the Dirichlet form on L*(R%) given
by (23) with the coefficient function @;;(7, z) instead of a;;(7, x) and M = (Z;, P,,) the space-time
diffusion process on [0,00) x R? corresponding to the time dependent Dirichlet form associated
with {(E(T), HY(R?)),7 > 0}. Note that it makes no difference to replace M by the part process
M” of M on [0,00) x D because M” is also the part process of M on [0, 00) x D.

Let p(s,x;t,y) and pP(s,z;t,y) be the transition densities (heat kernels) of M and MP, re-
spectively. First we give two-sided estimates of the heat kernels p(s, z; ¢, y) and p”(s, x;t,y). The
Gaussian estimates of heat kernels have been studied by many authors (see [1, 10, 11, 18, 19]). In
this section, we shall use the results obtained by Lier] [10] and Sturm [18]. However, we want to
emphasize in our case that A(7, D) is not necessarily bounded relative to 7 and D. Hence we need
to modify their results to specify the dependence on 7 and D of the constants appearing in the
Gaussian estimates. By modifying their proofs, we can obtain the following theorems. We shall
give short summary of the proofs as an appendix in the final section of this paper.
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Let v be an arbitrary constant satisfying v > 2 if d = 1,2, and v = d if d > 3. First, we
present the upper estimate of the heat kernel p” (s, z;t,y).

Proposition 3.1. For a fited R > 0, let D = B(5R/2). Assume that 2tA(0,t, D) < R?. Then
there exists a constant K1 > 0 such that

_ i K A(s, 1, D) v
p(s,z;t,y) < ((t — s)A(s,t, D))4/2 (/\(s,t, D))

e~y \' = yf?
- (1 R =Y D)) exp (_4(15— SA(s.1, D)) (25)

for any x,y € B(R). As a consequence, this estimate also holds for pP (s, z;t,y).

In the sequel, let (t) be a positive increasing function such that lim; . ¢(tf) = co. From
now on, we take as R = R(t) := 2¢(t) and D = D(t) := B(5R(t)/2) = B(5¢(t)). For notational
simplicity, let

s 2(v+1)
r(s,t) = \/2(t — 5)A(s,t, D(t)), Cyls,t) = (M) .

Define the function ¢ (t) on [0, c0) by

p(t)?

Y0 = 3306 D)

We assume that A(¢, D(t)) is increasing relative to ¢t. Thus we always regard as A(0,t, D(t)) =
A(t, D(t)). Further, we make the following assumption ) (t).

Assumption (A)

(A1) #(t) is an increasing function satisfying lim;, ¢(t)/t = 0 and there exists a constants v > 1
such that

Yy8) _ o Alys, DOys)) _ . Alys, D(ys))

lim =1.

5300 77[)(3) SL% A(S, D(S)) B Sir{é )\(57 D(S))

(A2) There exists g9 € (0, 1) such that

t—o00

v
li t) — ——log A(0, ¢, D(t = 00.
i {00 - 5 Tog A0, D) | = o0
Now, we are ready to present a lower estimate of the heat kernel pP®) (s, z;¢,%) in our notations.
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Proposition 3.2. Suppose that Assumption (A) holds for some ~y > 1. Then, there exist constants
Cy>0,Cy>1and T > 0 satisfying

Cilz —y|* exp e =yl
w(t)2(u+l)+d/2r<3’t)ZdCH(s’t)'yfl T(S,t)2

pPO (s, z;t,y) > (1 Vlogcon(&t)))

for all x,y € B(R(t)) and s,t € (T,00) such that s <t < ~vs. As a consequence, this estimate
also holds for p(s,z;t,y).
To apply the criterion given by Theorem 4.2, we need to estimate 1 — C,, (o) for

C,p(0) = sup {/ pPO (7,237 )W, (|2 da < 7 € (0,70),
D

(yo)

7€ (1= 00y, (1= d0)),y € OB(p) for p € (w(7'0),0(0)) }

with U, (r) = 2 ((r —p/2)4+ A (3p/2 = 7)4).

Lemma 3.3. Suppose that Assumption (A) holds for some v > 1. Then, there exists K > 0 such
that for any o € (s,vs) with large enough s > 0,

K
>
— (o) ErDRCH((1 = 60)y o, 7o) (log CoCh((1 — o)y~ 1o, 7o) /2

1= Cy(o)

for 0 <9y < 1.

Proof. For s > 0 and v > 1 enjoying Assumption (A), let y € D := D(4?s) be a point such that
ly| = ¢(s). For simplicity, put p = ¢(s). Let n = —y/|y| be the inward normal vector of dB(p) at
y and e be a unit vector satisfying 1/2 < n-e =: kg < 1. Define

B:={zx € B(p)N B(y,p/2) : (x —y) -n > Kkolz — y|}.

Let W, be the function given in the definition of C(s,t, ¢, p). We consider that oy = dys for some
do € (0,1) and t = 7ys. Then

2
1=V, (z]) ==(p—|z))+ A1 forx € B.
p

Let o € (s,7s). For any 7 € ((1 —dy)y o, (1 — dp)o) and 7’ € (0,v0), put

r(r,7')?

G(r,7) =

be = ba(1,7) = /G(1,7),

I(r,7")’
where I(7,7") = (1 V1og CoCx (7, 7')). Note that

A(1,7%s, D(v*s))
A0, s, D(s))

— 1, ast— o0
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under (A1) of Assumption (A) and dps < 7" — 7 < §;s with d; := (69 — 1 + 7). Then

b _ V2" —DAT D7) _ \/ 2615A(7, 725, D(725))

p 90(8) I(T, 7") Sw(S)A(()?SaD(S))[(T? 7—/)
§M—>O as s — 00. (27)

U(s)I(T,7)
From this, we may regard as bg < p/2 for large s. Let z := y + bge. We note that b,, := |2| =
VP2 + b4 — 2pbaro > p — bg. Then, |z| < b, for any x € B\ B(y,bg) and

2 2
L= p(jzl) = 2= lal)s AL = 2P = bay),

=

hence

/ PO ()W, (|2)da < [ pP(r a7, )0, (|a])da
D(yo)

IA
S—

IN

PP (7,27, ) dar — / (1=, (ja])pP (7, 27, y)da
D B

2
- / _(p - bzo )pD (Ta X, 7—,7 y)d:zc (28>
B\B(y.bc) P

IN
—_

Let S; ={0:|0| =1,n-0 > Ko} and |S;| be its surface area. Then, we have by Proposition 3.2
with the change of variable x — y = r6 for r > bg and 6 € S; that

2
/ 2 (0~ b )p"(r, 27 y)da
B\B(y,ba) P

2C, |z — y|d i
> 22 b |
p B\B(y,bg) 1/)(7-/)2(1/+1)+d/27=(7-7 T/)2dOH (7—7 T,)’Y_l

20, p/2 r2d-1 2
7(]9 - bzo) /Sl de /bG ¢(T’)2(V+1)+d/27"(7', T/)2d0H<T, Tl)'y_l e GoNdr

_ 2C|S1](p — bz,) e
— pw(T/)Z(V+1)+d/ZC’H<7-’ 7'/)771[(’7‘7 T’)d / T e dr. (29)

The last integral of the righthand side of (29) is bounded from below by a positive constant
because p/2bg — 00 as s — oo in view of (27). Further, since

v

V1 + (ba/p)? = 2r0(be/p) < \/75
and (260 — (be/p)) (b /p) > ber/(2p) for large s, one has
p—szO =1—/1+ (ba/p)* — 2k0(ba/p)
__ 26(be/p) = (ba/p)*  _ Csba G
L+ /1+(ba/p)? = 2k0(bc/p) — P~ /U(s)I(r,7)
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Hence, we obtain by (28) and the definition of C,(-) that for any o € (s,vys) with large enough s
1= cylo) =t {1= [ P )y elide s 7 € (0,90),
D(vo)
m€ (1= 00)y"'o, (1= 0)0),y € OB(p) for p € (w1710, 0(0)) }
2(p—>
> inf{/ MpD(T,x;T’,y)dﬂc 1€ (0,70),
B\B(y,ba) p
r€ (1= 877", (1= 8)a),y € OB(p) for p € (p(y~'0), ¢(0)) }
> inf Cs
~Z1n ¢(T’)2(V+l)+d/2+l/20}](7‘, 7_/)771[(7_, 74)d+1/2

7€ ((1 =)y o, (1 =)o),y € OB(p) for p € (p(v o), ()p(o’))}
Cs
> (0 2OFDFZH2C (1 — 60 )7—o, yo )~ (log CoCr (1 — d0)7 10, 7)) HH /2

The proof is complete. O

7' € (0,70),

Theorem 3.4. Suppose that Assumption (A) holds. Let vy := 4(v + 1) + 2d and
Fy,(0,0) := (log C;Cx(0,0) vV 1)* ™ A0, 0, D(0))/?H4+D0=D),
If ¥ (t) satisfies for eo € (0,1) in Assumption (A)

/1“’ w(a)”dl;’d,u(oaa) exp (_@w(g)) do < oo, (30)

then

lim Pg,.20) (| Xo — 20| > @(0) for some o € [s,00)) = 0.

S$—00
In other words, o(t) is an upper rate function of the time inhomogeneous diffusion process X,
associated with (23).

Proof. Without loss of generality, let (sg, o) = (0,0). We shall apply the general result obtained
in Theorem 4.2. Let g € (0, 1) be given in (A2) of Assumption (A). Take r > 0 so that r/r(0, o)
being large. Then, by (25),

wan¢3vm»:/ 5(0,0: 0, )y
B(r/2)c

K v/4(v+1) 2 d 2
s/ 1CH(070)d < || ) exp (_ || 2) dy
B(r/2)c 7"(0, U) 7“(0, U) 27’(0, U)

212
< KQOH(O,O-)V/4(V+1)/ |Z|d6_%d2
|z|>r/+/2r(0,0)

1 —go)r?
< K3Cp(0,0)"/* Y exp <_ﬁ> '

13



If we take r = 2p(0), then by (A2) of Assumption (A), the last term of the above inequality is
dominated by

K3Cp(0,0)"* D exp (—(1 — £0)(0))
< K3y Y12 oxp <— ((1 —eg)t(o) — glog A0, o, D(O’)))
< Kyexp <— <(1 —e)¢(o) — glog A0, 0, D(a)))) =H(o) — 0, as o— oo

By applying this fact to [15, Lemma 3], we can confirm

Po,oy (| X+ > ¢(s),3T < 5) = @(070)(|XT| > p(s),dT < s)
H(s
1— H(s)

Gl

< Po,0) (TB(p(s)/2) < 5) < — 0, as s— 00,

which implies (54).
Next, we will prove the integral condition (55). For any € > 0, let us take s being large enough.
Then we see from (25) with (A1) of Assumption (A) that for any o > s,

P,(0,0;0) = sup {pD(W)(O,O;T, y) : (1,y) € (v 'o,y0) x B“’(W) }
_ E5Cu(0,90) MY ( p(y0) >deXp( p(y'o)? )
< T

r(0,v 1o)d 0,77 o) 2r(0,70)?
KsCr (0, 0)/40+1) )2 ox _M o
< o V@) e ( 5 ¥l )) : (31)

Further, one can see for such o > s that
0 3p(o)/2
A o)) (BES ) < Keo, D(o))plo), (32)

where A(7; o) is the function defined in Theorem 4.2. Then, by using (31), (32), (A2) in Assump-
tion (A) and Lemma 3.3,

> Py(0,0;0)A(vi0) (0 3¢(0)/2
s ) B %] 7 d
/5 p(7710)2(1 — Cy(0))? “<"""'>< ol U>/2) 4

% Oy (0, o)/ ()42~ U5 ()
< KS/S (r(O,)a)dgo(a)Qf((l )_ C.(0))? A(o, D(0))p(0)*do

* (o)™ Ao, D(0)) v/a(+1) - S5029(0) 4
<Ko | GO ey 4O ‘

oo w o 4v+2d+4 (1eo)
< K / —————A(0,D(0))"*Cp(0,5)* P (log CsCp(0,0))* e 2" do
s o

o0 A(v+1)+2d .
< Ky / $o)® Fa (0.0) e~ O g,

o
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Since Cp(0,0) < K15A(0,0, D(0))?**V) the righthand side of the above inequality converges to
0 as s — oo under the condition (30), hence (55) is satisfied. Now the assertion of the present
theorem follows from Theorem 4.2 which will be stated in the next section. O

In Theorem 3.4, we did not use the space-time function A(t, D) explicitly but used only the
function A(t, D(t)) of t. To get an explicit correspondence between A(t, D) and an upper rate
function (o) is not easy in general. In this case, we shall give an explicit upper rate function
which is larger than o(t). Write A(o,D) = A(o,r) for D = B(r). Let us assume that the
associated upper rate function (o) satisfying A(o, D(0)) = A(o,5¢(0)) and

pl0) = 20 (0, 50(0) )i (o)) (33)

with a function (o) satisfying Assumption (A) is determined. In particular, we consider that
(o) = BlogA(o,¢(c)). For simplicity, we assume that A\(o, D(0)) = Ao. For the upper rate
function ¢(o) satisfying (33), by Assumption (A), one can see 1 < A(o,p(0)) < o° by taking
large o for any § > 0. Put A;(0) = A(0,5) and Ay(0) = A(0,50°) and assume that for v > 1

. No(yo)
M Ralo) 3
Since A(o, 1) is non-decreasing relative to r, by (33),
(2001(0)1h(0))"? < (o) < (2005(0)b(0)) "2 (35)

For As(o), take a function (o) satisfying (30). We may assume that ¢9(c) > (o). Then
©2(0) = (20M5(0)2(0))/* > (o). Thus we have the following result.

Corollary 3.5. Let p(o) be an upper rate function corresponding to A(o, D(0)) = A(o, 5¢(0)) for
Ao, r) = Ao, B(r)). Assume that Ao(0) = A(o,50°) satisfies (34). Then an upper rate function
wo(0) determined by No(o) satisfies (o) < wo(o). Further, if Ai(o) also satisfies (34) and the
corresponding upper rate function ¢1(0) exists, then p1(0) < ¢(o).

Remark 3.6. The integral condition (30) also can be written as

* (o) Fyu(0,0) pl0)?  1-¢g 1
/1 o K0, 0 DoY) P (_ 20 2A(0,0, D(a))> Fl7 = (36)

by the definition of ¢ (o). Let us consider the case that A(0,0, D(0)) = A(0,0, D(c)) = 1. Then,
the diffusion process associated with (23) is the time homogeneous d-dimensional Brownian motion
in view of (4). Further, since F;,(0,0) = K»(v) = 1 and ¢y = 0, the integral condition (36) differs
from Kolmogorov’s condition (1) at the power 2v, instead of d. This arises from the Gaussian
estimates we used here are not optimal in the Brownian motion case.
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For a given function A(c) and a function (o) satisfying the condition of Theorem 3.4, let

12 In

us consider the case that an upper rate function ¢(o) is given by p(o) = (20A(0)Y(0))
this case, although it is difficult to find an explicit space-time function A(o,r) = A(o, B(r))
such that A(o,5p(c)) = A(o), but an approximate form can be considered. We shall give these

correspondence by an example.

Example 3.7. Assume that A(o, D(0)) = Ag > 0 and A(o, D(0)) = K(logo)?. For some q > p,
put ¥(o) = floglogo with § = qu/2(1 — gp). Then they satisfy Assumption (A). Noting that
F;.,(0,0) < Ky (loglog 0)**(log o)P/2+4(+1(=1) e have by Theorem 3.4,

o(0) = (KBo(logo)?loglog o)/ (37)

is an upper rate function if

/°° (log log o)vat2d+1 (log g )P(v/2+4+1)(7=1)
4

exp (—% log log 0) do < oo.
o 4

This holds if ¢ > (4/v))(1 + p(v/2+ 4(v + 1)(y — 1))). If Assumption (A) holds for some 7" > 1,
then it holds for all 1 < « < 4'. Hence, by taking smaller 7, the above integral is finite if
q> (4/v)(1 +pr/2).

Next, let us consider the problem approximating a space-time function A(o,r) satisfying
A(o,5D(0)) = K(logo)?. In particular we assume that A(o, D) = &(0) f(r) for a function f(r)
and D = B(r). Then A(o, D(0)) = £(0)f(5p(0)). Hence, we need to find non-decreasing func-
tions &(o) and f(r) satisfying &£(o)f(bp(0)) = K(logo)? for ¢(o) given by (37). There are
many choices of such functions. As an example, take any positive non-decreasing function £(o)
such that (logo)?/&(0) is non-decreasing. Using such function (o), it is enough to put f(r) =
K(log = (r/5))?/£(p~1(r/5)). To obtain more concrete result, noting that o*/? < (o) < o*9
for any § > 0 and for large o,

£(0)f(50?) < £(0) f(5p(a)) = Ao, D(0)) = K(logo)? < &(0) f(5519/2).

Therefore

2 \" (log(r/5))" (log(r/5))"
K<1+6) E(rjsyeramy < ) < B2 ey

Since ¢ > 0 is arbitrary, f(r) can be considered approximately equal to K2?(log(r/5))?/£((r/5)?).

Let ¢(t) be an upper rate function corresponding to A(t, D(o0)) given by Theorem 3.4. Take a
positive non-decreasing function v (t) satisfying

Ui(t) < Y(t) and  lim Y1(t)

O .
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for the same v > 1 in Assumption (A) on ¥ (t). We shall be concerned with giving a condition on
a function ¢y (t) = (20A(c, D(c))1(0))'/? to satisfy

Ps.z0) (| Xt — o] > ¢1(t) for some t € [s,00)) =1 (39)

for any s > s.

For p > 0, set D = B(5p). Let (E(, FP) be the part on D of the Dirichlet form (E(”), F) and
denote by eg)’D and C(-P(B) the (0-order) equilibrium potential and the (0-)capacity of B C D
relative to (E, FP), respectively. Note that C(™"P(B) and C®P(B) are related by

COMP(B) 2 A7, D)E (7, e = A7, D)COP ().

Further, by comparing with the case of Brownian motion, it holds that for a constant K; > 0 and
for any dimension d > 1

COP@B(p)) = K", (40)

Lemma 3.8. For ' := (s,t) x B with B C D, we have

Cap”(T) > COP(B)(t — s)A(s,t, D).
Proof. Since h®(r,-) € FP and h2(7,-) > 1 a.e. on B for almost all 7 > 0, we have

¢
Cap”([) 2 AGP.P) = [ EOhr(r.o), (he(r, ) dr
t
> / BE® (egw,egw) dr > COP(BY(t — $)A(s,t, D).

[]

Define a sequence {s,} by s, =" for v > 1. For given 0 < s < ¢, let m and n be the smallest
and largest integers such that s < s9,,_1 and so,,1 < ¢, respectively. We introduce the following
sets:

{szfl < (pl(SQm,l),Xo- < (,01(82j+1) for all o € (Szj, 52j+1]}

<

3
I
1 D:-

i
L

ETnn = {Xgm < (,01(82m),XU < @1(82j+2) for all o € (82j+1, 82j+2]}
J

m

In the sequel, we let D(t) := B(5¢(t)).
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Theorem 3.9. Suppose that Assumption (A) holds for an increasing functions (o), A(o, D(o))
and p(c) = (20A(c, D(0))¢(0))Y2. Further, for a positive non-decreasing function (o) satisfy-
ing (38) and o = 47*/(y = 1), if
COPODB(1(0)) (o)
/ (o) 2WHD+d26d/2) (0, o, D(0))4/2+40+1)(G-1) exp <_ Yo¥1(0)(log C2Cp (0, 0) V 1))d0 =
(41)

then it holds that
P(so,00) (| Xt — 20| > @1(t) for some t € [s,00)) =1

for any s > sq.

Proof. Without loss of generality, let (so,z) = (0,0). Set F(p (s;) = (8j-1,85] X OB(p1(s;)). For
any 0 < s <t, let m,n be the numbers corresponding to s,¢ in the definition of E). Then

P(QQ) (XU < @1(0’), Yo € (S,t))

< P, (ﬂ {X2m—1 < 1(s2m-1), Xy < %01(82j+1)7VU € <S2j752j+1]}>

j=m

< E,) [PD(S%H) (Xo < @1(52n41), Yo € (520, S2n41]) EZZ_I]

(5277.717)(52,,7‘,1)

D(s2n n—
Zan—1€B(p1(s2n-1)) #1i%2n+1
= (1 - inf ]P’Z(SQ"*;) ) (0F<n) < oo)) P (En )
T2n—1€B(p1(s2n-1)) an-bfzn—l #1(s2n41) ’

. D(s2; m
< H (1 - _inf P(Siji]:;ijfl) (U @) < OO>> 'P(Ovo)(Em)‘

j=m w25 -1€B(p1(s25-1)) Lottoa40)
Similarly,

Po,0)(Xs < @1(0), Yo € (s,t))

n—1
< 1- inf pPe2i+2) (O’ : < oo)> P (EnT) :
> B ( 22;€B(o1(53)) (s25,%25) Fgl)(szj+2) (0,0)

Note that for a sequence {f;} with 0 < 8; < 1, lim, o0 [T/ (1 = 3;) < limy, oo [T}y e =
e~ 218 = ( whenever > =1 Bj = oo. Hence, if we could show that

Z inf | (Ur<j) < OO) = 00, (42)

- . J.x; .
jmam—1 Ti€B(#1(17) (725) e1(v712)

18



then it follows that lim;_,. P(0,0)(X, < ¢1(0),Vo € (s,t)) =0 for all s > 0.

Now, let us prove (42). Let pgﬂ) 41 be the equilibrium measure of Fc(p]?(v% 1y relative to the part

process M” () k € N. Then, similarly to Lemma 2.2, one has

. D 2k+1
inf pPOTT) (O'F(k) < oo)
2k+1)

] 2k—1 4
Tak—1€B(p1(y2* 1)) O k1) @107

. k -
> inf //(k) PP (P oy 15 0, y) o (dody)
r

wak—1€B(p1(y?* 1))

@1 (v2kt+1)
. 2k+1 _ 2k+1 k
2 o inf & pD('y )(P)/Qk 17 T2k—150, y) ' CapD(7 ) (Ffol)(,y%-&-l)) .
12167163(501 ('ch_l))v (va)erzal)<,y2k+l)

(43)
Note that |z|%~1*" is decreasing for |z| > /d/2. Further, since

201 (V) > |zak-1 — yl > o1 () — o1 (P > (v = D (P > V/d)2

for any zor 1 € B(p1(7?*71)) and y € 9B(p1(7?**1)), we have from Proposition 3.2 that for
(o:9) €T,

@1(y2k+1)

D(72k+1)(72k_17 Tok—1,0, y)

S C1|I2k—1 - ?J|d
= w(,yzkﬂ)2(u+1)+d/2CH<72k—17 72k+1)w—17a(72k—17 72k+1)2d

V] ok-1 — y|? 2k—1 . 2k+1
X €Xp (_W log CoCp(y Y )

2k—l)d

p

> 03%01(7
= ¢<72k+1)2(u+1)+d/2CH<,y2k;—17 72k+1)w—lr(72k—17 72k+1)2d

4,)/@1(,)/2k+1)2 B
X exp (_W log CQCH(VWC 1’ 72k+1)
- 047(2k—1)d/2A<07 72k—17 D(,ka—l))d/le (72k—1)d/2
= (YRR D FA/2 (24 ] A 2h—TYAN (y2h=1 A 2kA1 D) (42k+1))d (D) (-1)
4 2k+2A 2k+1 D 2k+1 2k+1
x exp ( — 2 (0, ™, D(y™ 1)) ha (1) log CyClyy (7251, 4261y )
(7?F = YDA (YR, 2R, D(y?F))

Then, by taking large k, we have

2k+1 _
pr )(’YQk 17 Tok—1,0, y)

Csipr (0)"/? 49%11 (o)
= (o) 2WAD+d26d2 ) (0, o, D(0))4/2+40+1)G-1) exp _?(108? CCh(0,0) V1) (44)
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for all o € (y2%,4%**1]. On the other hand, since C©-LO™ ) (GB(¢, (7211))) /COLE(GB(¢1(0)))

is bounded from below and above by positive constants for o € (2% ~2k+1]

3.8 that

, one has by Lemma

CapD(,YQk-&-l) (ng)(y?k%-l)) > )\OC(O)’D(W%H)((‘?B(QM (7219-5-1))) (7214;-&-1 _ ’7%)

> CeCOPON 0B (p1(0))) (7 = 47). (45)
Then, by combining (43), (44) and (45), we have for all o € (y?* 1] with large k

: D(y?F41)
$2k—1€§1({1pf1‘(72k71)) P(V%ilx%_l) (O-Fifl)(w%“) = OO)
L GCOPD@B( (o) (7 —2Yin(0) 4y (o)
= (o) 2D +26d2C (0, o) 1A (0, 0, D(0)) 42 v —1
> [ CsCOPD(DB(p1(0))) b1 (0) 2
= e 1/1(0') (V—|—1)+d/20-d/2A(070-’D( ))d/2+4(u+1)(7—1)

X exp (— o1 (o) (log CoCy (0, 0) V 1)>d0. (46)

(10g OQOH(O, 0') V 1))

2k+1

Similarly, we also have

. D(~2k+2
_inf ]P’(V(QZ . )) (Ur““) < oo)
z21€B(p1(v2F)) i @1(v2k+2)

L GCOPO0B o (0)) (o)
- 2k w( ) (v+1) +d/20.d/2A<0 o, D( ))d/2+4(u+1)('y—1)
x exp (= 001 (0) (log CCx(0,0) V1) )do. (47)
Therefore, we see by (46) and (47) that the lefthand side of (42) is larger than

o CoCOP(0B(¢1(0))) 11 (o)
/vzm P(0) 2RI (0, 0, D(0))/2H0+D0-1 P (‘ totr(0)(log o (0,0) v 1)> do

Hence we can obtain (42) under (41). O

Example 3.10. As Example 3.7, let A(o, D(0)) = K(logo)? (p > 0), (o) = Bloglogo for
B = qu/2(1 o) with ¢ > (4/v)(1+p(v/2+4(v+1)(y—1))) and ¢(o) = (20A(c, D(0))¥(0))"2.
Then, by (40), ¢ (o) satisfies (41) if

/oo ( COP@(GB(py(0)))br ()2 o —001(0) 10g C2C (0) 4

log log 0 )2(v+1)+d/25d/2(1gg g )p(d/2+4(v+1)(7-1)

> o Klgpl( )d 2¢1(O.)d/2 67270(1/+1)w1(0')10g10g0'd0
— J,, (loglogo)2(v+D)+d/25d/2(log g )p(d/2+4r+1)(v-1))

. oo K2¢1(a)d—1 67270(,,+1)¢1(a) loglogada = 00
o, (loglog o)2wtl)+d/25d/2(1og g )pld/2+4v+1)(3-1) :

This holds if () = 8, for By < (v —1)/(8¥*(v + 1)) (1 — p(d/2 + 4(v + 1)(y — 1))).
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4 A criterion for the upper rate function

In this section, we assume that (€, F) is a time dependent Dirichlet form on #H corresponding to
a family of strongly local regular Dirichlet forms {(E(™), F), 7 > 0} on L?(E;m) given by

EO) (4, v) = / WD (dz), wveF, (48)
E b
where ME% is the energy measure of u and v satisfying that for a relatively compact open subset
D C F and for any 7 > 0 there exist positive constants A(7, D) and A(7, D) such that

AT, D)ugg?w(dx) < ,ugzu)(dx) < A(T,D)ugg?u)(dx) (49)

for any v € F with support in D. In this case, the associated space-time Hunt process M =
(Z,P,,z € Z) of (£, F) is a diffusion process on Z = [0,00) x E. For 0 < s < t, let
A(s,t, D) = iI{lf}/\(T, D), A(s,t,D)= sup A(r,D). (50)
TE[s;t TE[s,t]

We may and do assume that A(s,t, D) > 1 because, if otherwise, it suffices to consider A(s, ¢, D)V1
instead of A(s,t, D).

For a fixed starting point zy = (so, o) € [0,00) x D, let denote by MP = (Z,,P)) the part
process of M = (Z;,P,,) on [0,00) x D. Then, for a Borel set B such that B C D,

]P)Zo (0-(5715)><Bc < OO) = ]P)g) (U(s,t)xBC < OO)

for sp < s <t and xy € B. In view of this fact, we may consider it for the part process on D, as
far as we consider P, (0(s4)xpe < 00) for such sets.

For p > 0, take as D = B(zg,3p) := B(3p). Denote by Cap”(-) the capacity relative to the
part process M. Other notions (such as the excessive function hr, the heat kernel p(s, x;t,y) and
etc.) defined relative to M are also defined by using superfix D. First, we shall give an estmate
of Cap®”(T,) for ') = (s,t) x dB(p). For § > 0 and a fixed oy > 0, let

H(r—s+o9+0)y T<s—op 2(p -2 r<p
Ds 50 (7) = 1 s—og<717<t, U,(r)= 5(3_;) —27’+ -
St+0—7)4s t<r, P2 + P

Further, we set

C(s,t,00,p) = sup /DpD(s — 09, 2;0,9)V,(d(x))m(dz). (51)

o€(s,t),ye0B(p)

A function u on E is said to be locally in F' (u € Fj,. in notation) if for any relatively compact
open set U C E there exists a function uy € F such that u = uy m-a.e. on U ([2, Chapter 3]).
Note that ,ugzu) is well-defined for any u € Fl,. and 7 > 0. In the rest of this section, we assume
that the distance function d(-) := d(-, x¢) belongs to Fiec.
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Lemma 4.1. It holds that

4 t
D () 3p/2
Cap (FP> = p2<1 - C(Sv t 0'0,]9))2 /30'0 Iu<d()7d()> (Bp/2 > ir (52>

Proof. Put w(1,x) = P454,(1)¥,(d(2)). Note that hf (1,2) = RPpur,(r,x) is right-continuous
relative to 7 and vanishes for 7 > t. Then

<hgp,g_f) LT /hD 7, 2) W, (d(x))m(dz)dr

s—op—0

et
Hence we have
fim (hrp 5 ) / /F { / S—Jo,x;a,y)\llp(d(x))m(dx)} jir, (dody)

< C(s,t, oo,p),upp(fp) = C(s,t,00,p)Cap”(T,).
On the other hand, since A(hf , hf ) < Cap”(T,),

2 t
D _“ (T)
A(hrpa w) = p /5_00_6 D55 (7) /ng/2 dﬂ(}LFDp(T,-),d(.»(I) dr

p/2

1/2
2 f ]
< —A(hlgpa hgp)l/z </ 5 D504 (T) /B3P/2 dﬂgdz.),d(.»(%) dT)
s—o9—

p/2

i

which implies

9 t : 1/2
i A8 0) < 2Cap?(0 ([ 4l (B) ar)
s—og

0—0

Therefore, we have by (17) that
, ow
Cap?(0y) =t { (1. 52 ) + A8, |
9 t 1/2
T 3p/2
< Clouto ) Cop”(0) 4 2Can (1) ([ 4l (B ar)
s—og

This yields (52). O

Let ¢(7) be a positive increasing function such that lim, ., ¢(7) = oo. Take v > 1 and
0 < dp < 1. For o € (s,7s), let D(o) = B(5p(0)) := B(xg,5p(0)). Set

Py(s0,70;0) = sup {pP07) (50,205 7.1) : () € (7' 0,790) x BEL), )
C,(0) = sup {/ pPOD (1, 25t )W, (d(z))ym(dz) : 7 € (1 — 8o)y 1o, (1 — &)o),
D(vo)
L€ (7,70),y € 0B(p) for p € (p(77'0), p(10)) }.
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By considering as t = s, 09 = dps and p = ¢(s) in the definition of C(s,t, 0¢,p), it holds that

C(s,78, 008, ¢(s)) < Cp(0) (53)

for all o € (s,7s).

The main result of this section is as follows:

Theorem 4.2. Suppose that m(0B({)) =0 for all ¢ > 0. Assume

lim P(sy00) (d(X7) > @(s) for some T € [sg,5)) = 0. (54)

S§—00

Further assume that for some v > 1,

= P¢(807 Zo; U)A(’}/, O') (0) 3@(0)/2
/so (7 )2 (1 = Cplo))? a0 (B2 ) do < (55)

where A(v;0) = A((1 — &)y to,v0, D(y0o)) for 0 < dy < 1. Then

lim P(sy.00) (d(Xo) > (o) for some o € [s,00)) = 0.

§—00
In other words, o(t) is an upper rate function of the time inhomogeneous diffusion process X,
associated with {(E™, F)}, 5.

Proof. For j > 1 and v > 1, let {s;} be a sequence of real numbers given by s; = 7vs;_1. Set

Fg()ijl) = (sj_1,58;) X 0B(p(sj—1)). For 0 < 5o < s < t, let k and n be numbers such that

sp_1 <5< s and s,_1 <t< s, Notethat s, =~"""1s,_ ;. Then

{w]d(Xs(w)) > p(0), 3o € (s,1)}
CH{w [ d(Xs(w)) > (o), Jo € (s5-1, 0]}
CH{w | d(X7(w)) > ¢(Sk-1), 37 € [50,56-1)}

U{w [ d(X7(w)) < @(s8-1), VT € [50, sk—1], d(Xo(w)) > (o), o € (k-1 $n}
C {w \ d( X (w)) > o(sk-1), 3T € [0, Sk—1)} U

U {w | d(X:(w)) < @(Se-1), YT € [0, Se—1], d(Xs(w)) > ©(sp—1), Jo € (Sp-1, ¢}

C {w [ d(X7(w)) = ¢(sx-1),37 € [s0, 8%-1)} U (U {w oo (W) < TD<sz>(W)}> , (56)

—tc p(sg—1)

where Tp(s,) = inf{T > so : X; ¢ D(s;)}. Since p(y o) < ¢(si—1) < ¢(o) for o € (s4_1,50),
)

(=Fk,k+1,---,n, we have from Lemma 4.1, (49), (50) and (53) with s = s;_1, t = Sy, 09 = SoSp—1
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and p = p(s,_1) that

s¢
) Bo(se 1)/2
4 /( Fal) d()) (Bms@fl)/z ) dr

1—60)s¢-1

D(sp) £)
Cap™ <Fs0 (se— 1)> =

(3K 1) ( C(Sf—la Se, 503€—17 @(86—1)))2
4(y =14 60)se-1A(v;0) (0 3p(c)/2
(7102 (1 = Cy(o))2 MO0 <B ( ‘10>/2) ' (57)
Further, for o € (sp_1,80),{ =k, k+1,--- | n
sup  pP) (sg, 2057, y) < P,(s0, 05 0) (58)

0

(T’y)erw(sefl)

and (v — 14 6o)se—1 = K(s¢ — s¢—1) for K =1+ do/(y — 1). Then, by virtue of Lemma 2.2 with
(57) and (58), we have

D
IF)(S(),$()) ( O < TD(S@)) = P(S((:Q)) ( Or(©) < TD(sg) ) = h (z) (507x0>

w(sp_1) w(sp_1) Ap(se 1)

< Sup pD(Sz)(SO7 To; T, y) Cap (Pg(f()sz 1))

(7, y)E <P(S[ 1)

K1(8z—55 1) P, (5071:07 a)A(v;0) (0) 3p(c)/2
= S0P (1—Cylone Fatae) (B (7‘10)/2>

* R (50,1’0, )A(Va U) (0) 3p(0)/2
gKl/ a 19 _(B‘P,U )da (59)
o o(y1o)2(1 — C@(U))2 (d(),d() \ Te(vto)/2

for some positive constant K;. Therefore, it follows from (56) and (59) that

]P)(so,mo)(d<XU) > QD(O-)v Jo € <S7t))

< P(Sowo)(d(XT) > Q)O(Sk—l)7 ar € [307 Sk—l)) + Z IP>(so,9co) (U ) < TD(S[))

=k 4/’(32 1)
< P(So,zo)(d(Xr) > @(sk-1), 3T € [50, 5k-1))

* Py(so,z0;0)A(v;0) (0 3¢(0)/2
+K1/ ? 19 ,(B@,U )da.
s P(1710)2(L = Cy (o) )2 OAN el to)/2

The first and last terms of the righthand side of the above converge to 0 as s — oo under the
assumptions (54) and (55) respectively, because s;_1 — oo whenever s — 0. O

5 Appendix - Gaussian estimates of heat kernels

In this appendix, we give short summary of the proofs of Proposition 3.1 and Proposition 3.2. Let
{(E™, F),7 > 0} be a family of strongly local regular Dirichlet forms given by (48) on L?(R%; m)
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with the Lebesgue measure m on R? satisfying the condition (49). Throughout this section, we
use the notations given in Section 4.

For any 0 < s < t and a relatively compact open set D C R? we say that u € L2 ([0,00); F')
is a weak subsolution (resp. solution, supersolution) of the heat equation for £ on (s,t) x D if
for any 7 € (s,t) and ¢ € F N Cy(R?)

/Rd qu) dz+ BT (u(r.),1) <0 (resp. =0, >0).

We also say that © € L2 _([0,00); F') is a weak co-subsolution (resp. co-solution, co-supersolution)
of the heat equation for £ on (s,t) x D if for any 7 € (s,t) and ¢ € F N Cy(RY) .

_ / PUL2) () w4 EO((r.).0) <0 (resp. =0, 2 0)
re  OT

Here Cy(R?), stands for the set of non-negative continuous function on R? with compact support.

Put B(z,r) = {y : |x —y| < r} and B(r) = B(0,7). We mainly consider the subset @ of
(s,t) X D defined by Q := I X B(z,r) for x € D, where I = (a — nr?,a + nr?) for a € (s,t), 7 >0
and r > 0 such that B(4r) C D. More precisely, let a = (s + t)/2 and choose > 0 satisfying
nr? < (t — s)/2 for r > 0 such that B(4r) C D. Further, for any 0 < § < 1, let

Iy =(a— onr?, a), Q5 =1; x B(x,6r)
I = (a,a+dnr?), QF =1 x B(z,6r).

Assume that u is a non-negative locally bounded weak subsolution of the heat equation for E(7)
on (s,t) x D. For 0 < ¢’ < <1andp>2 let

_ (o =]z —y[)+ (a7,
vl = O i = (1- ST )

Then, for so = a — dnr? and ty € I,

|t wrotmiay) = / / gy (o) m(dy)r

Similarly to the proof of [10, Lemma 1.5] and [18, Sect.2.2] with the definition of the weak subso-

lution and the derivation property of “E?v)ﬂ one has

/ “(to’y)%(?J)Qm(dy)+2 W)X (AR 2 ey ()T
R p so J B(x,0r)
2p , . ) /
<3 [ e ors@anywar [ a0 ()
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Let
MQy) = inf X7, B(x,6r)) and A(Qy) = sup (7, B(z,r)).

TEl; rely

Since ¢ is an arbitrary point of I, and A(s,t D) < (YY) < w0 (dy) < A(s 8, D)y, (0) w(dy) for
any (1,y) € Q5 and w € L{ ([0,00); F'), we have

(f:ﬁ /R ulr, y)pw<y>2m<dy>> v <>\(s,t, D) [ / ) dugg;/z,um(y)dT)

gﬁ(A s t,D) + >//Q u(r, y)Pm(dy)dr (60)

for some constant K7 = K;(p).
Put 0 = 14+2/v, w = w”/*y and V(x,7) = m(B(z,r)). By the Holder inequality, for any v > d
with v > 2,

2/v (v=2)/v
/ w?dmdr < | sup / w(T,-)*dm / (/ w2”/(”_2)dm> dr. (61)
Q5 rets J B 5 \JB(n)

5
Further, by the Sobolev inequality,

-2 g
21// v—2) dm) < ST / d#(o)
(/B(m,r) N V<:U7 T)2/V B(z,r) {ww)

2057“2 (0) 1
< ———— d —— Pd 62
N V(iL’, 7,,)2/1/ (\/B(x,r) lu<up/27up/2) - (5 - 5/)273 /B(w,r) e ( )

with the Sobolev constant C's independent of B(x,r) (cf. [14, Theorem 5.2.3]). Then, by combining
the inequalities (60), (61) and (62) with the fact that ¢» = 1 on B(z,d'r), we obtain

0
Kor?  (A(s,t,D)+1/n)’ 1
o < 2 il P
//Q uP’dmdr < V) Mot D) 5= 0y //Q uPdmdr (63)
8! s

for some constant Ky. Applying (63) to u?, 0;+1 and ¢; determined by
50 == 5, 5i+1 = 51 ((5 6) Z+1

instead of u, " and 9§, respectively, and making use of the Moser iteration, this yields the following
result (cf. [18, Theorem 2.1], [10, Theorem 1.6]) :

Proposition A.1. Assume thatp > 2, 0 < § <6 <1 and Q7 C (s,t) x D. Then, for any
non-negative locally bounded weak subsolution u of the heat equation for E() on (s,t) x D, there
exists a constant K3 = K3(p,v) such that

K (A(s,t, D) + 1/n)t*v/2 //
supu?f < uPdmdr (64)
Q; r2V(x,r)(0 — &' )v+2 A(s, t, D)v/? Q5
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Further, let u is a non-negative locally bounded weak co-subsolution on (s,t) x D. Then,
similarly to Proposition A.1, it also holds that for p > 2 and Qf C (s,t) x D, there exists a
constant Ky = K4(p, ) such that

K, (A(s t, D) + 1/n)" 7 / .
72V (z,7)(0 — 6/)v+2 (s, t, D)/ 2 uPdmdr. (65)

supu? <
Qy
Note that the inequalities (64) and (65) also hold for 0 < p < 2 with p # 1 by changing the
constants K3 and K. Furthermore, if u (resp. u) is a non-negative locally bounded weak super-
solution (resp. co-supersolution), then by taking u. := u V e (resp. U. := uV ¢) for any € > 0
instead of w (resp. u) and changing the constant K (resp. K4), the inequality (64) (resp. (65))
holds for p < 0 (cf. [18, Theorem 2.1}, [10, Theorem 5.3]).
Set dz(r,y) := dm(y)dr and I = (a —nr?,a + nr?) for n > 0 and r > 0.

Lemma A.1. ([10, Lemma 5.1]) Let u be a locally bounded non-negative weak supersolution of
the heat equation for E\™) on (s,t) x D. For x € D, take r > 0 such that B(z,2r) C D. Then,
for any £ >0

I ({(T, y) € QF :logu.(r,y) < =€ — c}) < OV (z,r)Et (66)
m ({(7‘, y) € Qy :logu(r,y) > & — c’}) < OV (z,r)EH, (67)
where the constants ¢ and ¢ are given by
_ 2nA(s, ¢, D) ,__2nA(s,t, D)
= S0 + W.(a), = S0 + W.(a) (68)

with W.(1) = —m Jpalogu(7,-)¢?dm for ¢ = (1 — |v —-|/r) V 0, and the constant C is
given by

Cp
(1 =9)2nA(s,t, D)

with the Poincaré constant Cp satisfying (71) below.

Proof. For reader’s convenience, we shall give shortly a proof of this lemma (see also [10, Lemma
6.2]). Let u be a weak supersolution of the heat equation for E(™ on (s,#) x D. Then, for any
7 € (a,a+nr?) and € > 0

d 9 _ 8”& (T7 ) 1 2
T » log ue(Tu )¢ dm = /]Rd or ua(Ta ) ¢ o

()
/ d,u ug, / Cb d,u (log ue,log ue) + 2/ ¢d'u<logu &)
2 7 (7)
/ ¢ d,LL (log ue ,log ue ) 5 /]Rd ¢ d'“(logug,logug) + 2 /Rd d,u<¢7¢>

_ _ = 21,,(T ()
- 2 /Rd ¢ d'u<logu€710gus> + 2 \/IR;d d'u<¢’¢>
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Since d,ugg), o = (1/ 7)1 p(z,-dm, the above inequality yields that

d

2d (0) < 2A<S,t, D)
dr

log Ue,log ue) —

Vx,r). (70)

r2

logua( )6 dm+M/ ¢

Note that under our present setting, the following weighted Poincaré inequality holds ([14, Theo-
rem 5.3.4]): there is a constant Cp > 0 independent of = and r such that

/ - |—log uc(, -) = W(7)[* ¢*dm < Cpr? /B ( )¢2du5?3gug,logu5>- (71)
B(x,r z,r

Using this, (70) can be written as

d )\(S t D) 2
- — log u. (T, - 2dm—i—é/ —log u(T,-) — W.(7)|° ¢*dm
&L om0 [ g ) - W)
2A(s,t, D
< %V(m,r). (72)
Set
2
w(r,z) = —logu(r, 2) — %A(S’ t,D)(t —a)
— 2V (x,r)
WE(T) = WE(T) — WA(S,t,D)(T — CL).
Then, we see by (72) that
dW.(1) A(s,t, D)

I 2
)= We 2dm < 0.
dr 2Cpr? fRd p*dm B(x,r) }w(T7 ) (T)| ¢*dm <

In particular, W.(7) is non-increasing relative to 7. For fixed § € (0,1) and for any ¢ > 0, put
QF(6,€) :={z € B(w,0r) : w(r,2) > £+ We(a)}.

Since w(7,2) — Wo(1) > &+ W.o(a) — Wo(r) > 0 and ¢(z) > 1 —6 for z € QF(5,€) and 7 > a, it
follows that

dW.(7) n (1 —10)%X(s,t,D)
dr 2Cpr2V(z,r)

He+Wta) = (o) m (25(6.6)) <0

or equivalently,

(1—=10)*\(s,t,D)
2Cpr2V(x,r)

e+ W) = W) m (06.6)) < & e+ W) — W)
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This implies

2Cpr?*V(x,r) d [ 1
(1= 0)2A(s,t, D) dr \ [+ W.(a) = W.(7)] )

m (Q25(6,€)) <

Then, by integrating both sides above on (a,a + dnr?) relative to 7, we obtain

2Cpr?V (z,r)
(1—10)2\(s,t, D)

B({(r.2) € Qf w(r,2) >+ We(a)}) < &t (73)
Further, since |I| = 2nr? and

o*dm > / o*dm > (1— 5)2V(x, or) > (1 — 5)25dV(x,7“),
R4 B(z,0r)

we see that for 7 € I

2V (z, 1) 2A(s,t, D)n
———A(s,t,D)(T —a) < ————=+.
72 [oq $2dm (s, D)(7 —a) < (1 —0)244
From this with (73), we can confirm the assertion (66). The proof of the assertion (67) is similar.
We omit the details. O

Now, we shall prove the parabolic Harnack inequality (cf. [1, 10, 11, 19]). First, we present
the following general result given by [10, Lemma 5.2]. Let Us C D and Js C [0, 00) be families of
sets such that Uy C Us and Jy C Js for 0 < ¢ < 6 < 1.

Lemma A.2. Fiz 0* € (0,1). Assume that a positive measurable function f on J; x Uy satisfies

02 1 pdrd 1/p
su < Tam
JSup J s ((5—5/)7 1 [m(U) / /M%f )

for some v >0, Cy > 1 and for all0 < §* < § <6 <1 andp € (0,1 —¢) for some ¢ € (0,1).
Further, assume that there exists a constant C's > 1 such that

— J1m(U
fi({log f > ¢}) < 03% (74)
for all € > 0. Then there exists a constant K5 > 0 such that
sup f < K5022C3 (75)

J&* XU(;*
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For fixed 0 < §; < 09 < 1, let

Q™ = (a— dnr?,a — §imr?) x B(z,r),
Q" = (a+6ipr*,a+ dmr?) x B(x,r).
Let v, = u.e® with ¢ given in (68). By virtue of Proposition A.1 and the comments after that,

v. satisfies the condition of Lemma A.2 for Js x Us = (a — (63 — 0y + O)nr?,a — d1mr?) x B(x,r)
with the constant v = v + 2 and

O — Ksn(A(s,t, D) + 1/n)'*v/2
2 A(s, t, D)/

Further, (74) is satisfied by (67) with C5 = C; given in (69). Therefore, by putting §* = ¢; in
(75), we obtain

sup (T, 2)e < KgCyC? (76)
(1,2)€Q~

for some constant K4 > 0. Similarly, applying Lemma A.2 to f = (u.e€)~! with ¢ given in (68),
it follows that

sup (ue(r,2)e?) ' < K;C,C3 (77)
(r,2)eQt
for some constant K7 > 0. Now, by combining (76) and (77), we can obtain the following parabolic

Harnack inequality:

Theorem A.1. There exist positive constants Kg and Kg such that for any non-negative locally
bounded weak solution u of the heat equation for E( on (s,t) x D,

sup u(7,2) < Cp(s,t) inf wu(r, 2), (78)
(1,2)€Q~ (r,2)eQt

where

A(s,t, D) + 1/n)*
(s, t, D)?+2

Cn(& t) = K83K977A(8,t,D) (

We are ready to prove Proposition 3.1.

Proof of Proposition 3.1. For notational convenience, we take as R = R(t) = 2p(t), D = D(t) =
B(5¢(t)), n = 1/(2A(s,t,D)) and z,y € B(R(t)). For any non-negative function f € L*(D) and
s<o<T<tlet

v(T,w) == vg(o; T, w) = /D]_)(a, 25T, w)e‘ﬁ‘x_z‘f(z)m(dz), B eER
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with the transition density p(o, z; 7, w) of the diffusion process M on R? given in Section 4. Then,
by [18, Lemma 1.7],

T—- 2 2(r—o)A(s
Hem |U(T, ')||L2(D) S 6218 ( A JzD)HfH%?(D)' (79>

Let Q7 = (t — nr,t) x B(y,r) for r < R(t)/2. Since |z — x| > |z — y| — r for z € B(y,r), we see
from (64) and (79) that

K A(s,t, D)1+v/?
2(t < 3 // vidmd
vlty) < r2V (y,r)(1 —§)¥*+2 A(s,t, D)v/? mer

< K; A(s,t, D)*/2 o~ 2B(a—yl—r) 262 (t—0) A(
~ V(y,r)(1 = 98)"+2 (s, t, D)2

S’t’D)UHfH%%D) (80)
for a constant K% > 0. On the other hand, suppose that f is supported by B(z,r). Then
2
2z ([ postniEmas) (1)
B(z,r)

Combining (80) and (81), and taking the supremum relative to f € L*(B(z,r)) with || || 2(B(zr)) =
1, it follows that

K! A(s,t, D)v/? 2
o 2t ) 2m(ds) < 3 2 —2Ble—y|+28r 282(t—0)A(s.t,D)
.@Wﬂmmz’”)m(”-vwmxl—awﬂxaquﬂe ¢

for a constant K% > 0. Further, since @(c, z) = p(o, 2;t,y) is a co-soulution for (o,z) € QF =
(5,5 +nr?) x B(wz,r), we see by the dual result (65) of Proposition A.1 that there is a constant
K1y > 0 such that

K! S t D 1+v/2
p(s,x;t,y)* < 4 t dz)do
p(saxa Jy> — TQV(I'7T)<]_ _5)V+2 A S t _D l//2 // U Z; y ( Z)

Ko A(s,t, D) 6—2,B|:c—y|+2,6’r62,82(t—s)A(s,t,D)
Vi, )V (y,r)(1 —0)2w+2 \ A(s, ¢, D) '

IA

Finally, by putting

(t — s)A(s,t,D)
2|z =yl

_ |z — _
B = 3 = $)A(s.2. D) and 7 =/(t —s)A(s,t, D) A

)

we obtain (25). The last assertion of Proposition 3.1 is clear because p? (s, z;t,y) < p(s, z;t,y). O

In the sequel, we consider that D = D(t) = B(5R(t)/2) and n = n(t) = 1/(2A(s,t, D(t))) with
R(t) = 2¢(t). For the function ¢(t) given by (26) satisfying Assumption (A), put
1
Ny = SN (.2 D) and  7y(s,t) = \/2(t — s)A(s,t, D(t))w(t).
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Clearly, r4(s,t) = r(s,t) = \/2(t — s)A(s,t, D(t)) when ¢ = 1. Further, let Cy(s,t) and C,, (s,
be the parabolic Harnack constants corresponding to n and 7y, respectively, that is,

(A t, D))\
an(s,t)—c4< A(s, t, D(t)) )

and C,(s,t) is defined similarly by putting ¢» = 1. Then C,(s,t) = C4Ch(s,t).

Lemma A.3. Suppose that Assumption (A) holds. For v > 1, let {s;} be a sequence of real
numbers defined by s; = ~'s. Then, there exists T > 0 such that for any s > T,

, 1
/ pD(Sd)(Slvz; SQay)m(dz) > 5
B(y,ry(s1,52))
for ally € B(R(s3)).

Proof. In the present proof, we simply write D(s3) and 7y(s2, s3) as D and ry, respectively. Put
p(s, A;7,y) = [, D(s, z;7,y)m(dz) for A C R For any y € B(R(s3)) and j > 1, let

A(j,ry) = By, (j + 1)ry) \ By, jry)

and u;(7, 2) := p(s1, A(4,ry); 7, 2). Then, the parabolic Harnack inequality implies

C (32753) /
w(89,y) < — 20 u;(s3, z)m(dz).
)= o 80) om0

On the other hand, by virtue of [18, Theorem 0.1],

(s 4729, ) < VAN B exp (~ i) (52)

where d(A, B) = inf{|z—y| : 2 € A,y € B} for A, B C R%. Then, by applying (82) to A = A(j,y)
and B = B(y,7(s2, s3)),
Cn<82,83)

V(y,r(s2,s3))

S Cn(527 83)

/ o B AG )i, pmld:)
V(A<]a rd’))l/Z exp (_ d(A(j7 T’w),B(g,T‘(SQ, 33)))2>
V(y,7(s9,s83))/2 2r(sq, 83)2 ’

Let 9 € (0,1) be given in (A2) of Assumption (A). Take € > 0 such that (1 —2¢)3 > 1—¢gy. Then
(2, s3) < ery, for large enough s and hence d(A(j, ), B(y, 7(S2, S3))) > (j —€)ry. Further, since

r(s9,83)/7(s1,83) > 1/3/2,

V(AG, 4))" U=
u;(s2,y) < C (82783)‘/(%70(82713))1/2 eXp( m>

GryPe® (_ G —e)r(sn, 83>2¢<33>)

(89, 53)%/2 2r(sy, $3)2

< Kllon(SQ, 33)(j + 1)d/2¢(83)d/4 exp (_ (1 — 5)(] ; 5)2¢(53)) |

< K11Cy (2, 83)
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Therefore, by adding the both sides above relative to j > 1 and noting 1 (s3) < eeli=9)*(s3)/4 for
all 7 > 1 for large s3, we have

p(s1, 2; S0, y)m(dz) = p(s1, 2582, y) Lagjry) (2)m(dz) = u;(s2,
/D\B(Wm yym(d2) ;/Dm L0 (A = 3 5.0
= (_ (1-e)- e>2w<33>>

< KnnCylsa, sa)i(s5)" D (5 + D)2 exp y

J=1

< K1sCy (55, 55) / T+ 1) 2 exp (- (1= 2e)(= - 5)%(53)) d
1 (1- 22)3@@(83))

< K130, (s2, S3) exp (_

(1 — 80)
4

< Kjsexp (—

= H(Sg,?“w),

¥(s3) + 2(v + 1) log A(sa, s3, D))

where we used (A2) in Assumption (A) in the last inequality above. This can be made smaller
than 1/4 for all s > T} by taking large T7. Thus we have for such s3 that

w

/ p(s1, 2z 89, y)m(dz) > 1 — H(ss,1ry) > —
B(y,ry) 4

in view of the conservativeness of M. By [15, Lemma 3],

™ H(S37r¢/2>

]P> 81, < < F $1,T xX,T S S . 83
(s10)(TD < 82) < Psy 0) (TB@,ry) < S2) = H(s5.10/2) (83)

Further, by the strong Markov property,
pD<817x; 827y) = ]3(81,37; $2, y) - E(81,.7:) [ﬁ(TD7XTD; 52, 3/) :Tp < 52] : (84>

For y € B(R(s3)) and 7p € (s1,$2), |Xrp — y| > R(s3) and (s2 — 7p)A(7p, $2, D) < (s9 —
s1)A(s1, 82, D). Further, note that

ANy =yl 2R | R(ss)?

\/(52 —1p)A(7p, 82, D) R(s3) A(s3 — 51)A(s1, 52, D) > 21)(s3).
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By (25)) with the fact that £2%e~¢" is decreasing relative to large &, we then have

K1 A(TD,SQ,D) V/z
sy — 7p)A(7p, 2, D))¥2 \ \(7p, $2, D)

s ( 41X, —yl? )d/QeXp ( [ Xy —yl? >
(s2 — )\ (1D, 52, D) 4(s2 — p)A(TD, 52, D)
< K15A(81a827D)V/2 ( |XTD _y|2 >d < |X7'D _y|2 )
< y exp
R(s3) (s2 — 7p)A(Tp, 852, D 4(s9 — p)A(TD, S2, D)

Ki5A(s1, 52, D)/ ( R(s;)’ >dex (_ R(s;)° )
- R(S3)d (SQ - Sl)A(Sl, S9, D) P 4(82 — Sl)A(817 S9, D)

Ki6A(s1, 9, D)"/? (s
< = (Rl(53§d ) W(s3) eV,

From this together with (83), (A2) in Assumption (A) and the fact that (ry/R(s3))? < (1/2)4, we
obtain

ﬁ(TD7XTDa527y) S ((

/ E(8172) [ﬁ(TD7XTD; S2, Z/) :Tp < 82] m(dz)
B(y,ry)

d v/2
< Ki7(ry)*A(s1, 52, D) w(sg)de’w(%) H(s3,1y/2)

< R(s) 1 — H(s3,14/2)
< K18¢(53)d exp <_2¢(33> + %bgA(Sl’ 52 D)> 1 flgi;zng/)z)

2(1 - )

H(s3,7y4/2)
1 — H(s3,14/2)

< Kist(s3)  exp (—2¢(S3) +
<1/4

log A(O, S3, D))

for all s > Ty with large T5. Hence, the assertion of the lemma follows from (84) by taking
T="1T,VT. O

Finally, we give a proof of Proposition 3.2

Proof of Proposition 3.2. Let T > 0, v > 1 and 9 (¢) be the function given by (26) satisfying
Assumption (A). For T'< s <t < s and x,y € B(R(t)), let k be the positive integer satisfying
vk —1)r(s,t)? < v —y[? < y(k)r(s,t)?, where y(j) = [77] is the integer part of 47 (5 > 1). Put

so=s, s;=s+jt—s)/v(k)
zo =1z, x;=x+j(y—z)/v(k).
Clearly, sy = t, T4 = y and

R o _lr—yP _r(st)? . s ) e a2
|2 i1l (k)2 < ~ (k) 2(s; i—1)A(s,t, D(t)) :==7(sj-1,55)".




Let u(r,z) = pP(s,z;7,2z). By the parabolic Harnack inequality for u(r,z) on (s;_1,s;) x

B(z;,7(sj_1,s;)) and n = 1/2A(s, t, D(t)),

1 1
u(t,y) > On(s,t)u(‘%(’“)‘l’”W’“)‘l) > > W“(Sz,xz)- (85)

Further, since |z — 2o < \/4(s2 — s)A(s,t, D(t))(s2) = Ty(s, s2), applying parabolic Harnack
inequality to (o, 2) — pP (0, 2; 59, o),

1
D D
P~ (s, 2552, 12) > — / (81, 2; 2, z2)m(dz).
Cﬁw (57 i)V(SEQ, T’w(S, SQ)) B(w2,Ty(s,52))

By Lemma A.3, the integral of the righthand side above is larger than 1/2. Note that (k) — 1 <
vy(k — 1) + v — 1. Hence, if s is large, then by (85) together with the relations v(k — 1) <
|z — y|?/r(s,t)* < y(k) and Ty(s, s2) = r(s,t)\/2¢(s2)/v(k), we obtain
K
PP (s, 7t y) > =
Cy(s, 1) R=2C (s, )V (w2, 7 (s, 1)1/20(s52) /1(K))
S Kooy (k)
T P()PEDTRC, (5,8 WV (29, 7(s, 1))
> K20’Y(k>d/2
= Y(£)2WADHARC, (5, ) DRV (g, (s, 1))
Koolz — y|* V]z —y|?
> -1 t) |.
2 B (s 0, (s e B
The proof is complete. O
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